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MULTIPLE POINTS ON LISSAJOUS'S CURVES IN 
TWO AND THREE DIMENSIONS* 

By Edward A. Hook 

Lissajous's famous " Memoir sur l'^tude optique des mouvements vibra- 
toires," read before the Academie des Sciences in 1857, has aroused much 
interest in the study of harmonic curves — curves which result from the combi- 
nation of two (or three) harmonic or vibratory motions at right angles to one 
another. Such a curve may be regarded as traced by a point whose rect- 
angular coordinates, in two or three dimensions, are periodic functions of the 
time. If the periods of these functions are commensurable the curve is alge- 
braic, if incommensurable it is non-algebraic. Only the first case will be 
considered here. 

One of the most interesting problems connected with algebraic harmonic 
curves is the determination of the number of their multiple points. This 
problem was first studied in 1875 by Wilhelm Braun,t who determined the 
number and position of the double points on all such curves in two dimensions, 
and showed that double points are the only possible multiple points on the two- 
dimensional curve. 

In 1897, Mr. E. H. ComstockJ studied the same problem in both two 
and three dimensions, but confined his attention to the "open" curve, i. e. a curve 
which, for real values of the time parameter, breaks off abruptly at two "ends." 
Mr. Comstock's paper does not take into account the possible existence, in the 
case of three dimensions, of multiple points of multiplicity greater than two. 
His formula for the number of double points is correct only when the curve 
possesses no other multiple points than double points. 

The purpose of the present paper is to develop the general formulae for 
the number and position of the finite real multiple points on any algebraic 
harmonic curve in both two and three dimensions. In the case of two dimen- 

* This paper was presented to the American Mathematical Society at its meeting of Sep- 
tember 2, 1902. 

t Inaugural-Dissertation der Philosophischen Facultat zu Erlangen. A summary of the 
same is given in Math. Annalen, Vol. 8, 1875. 

X Transactions Wisconsin Academy of Science, 1897. 
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sions all of the results here given were obtained, though by a different method, 
by Braun. In the case of three dimensions the generality of the formulae ob- 
tained and the determination of the existence and number of quadruple points 
are believed to be new. Certain types of curves, for given period ratios, are 
finite in number. Where such is the case this number has been determined. 

I. Plane Curves 

1. Equations. The general equations of a harmonic curve of unit 
amplitudes generated by two harmonic motions at right angles to each other 
may be written : 

x = cos (^ s + ^V ' 



y = cos(-s + C 2 j, 



where s is the parameter and X, fi, C x , C 2 are constants. If Ave exclude the 
supposition that X and /* are incommensurable, we can ahvays, by a substitu- 
tion of the form t = ps, reduce these equations to the form 

x = cos -(t + L), 
a ' 

y = cos |(< + t 2 ), 

where a and /3 are integers prime to each other and irt^a = d, -rt^/ft = C 2 . 

Since, for real arguments, the cosine can vary only between + 1 and — 1, 
it is clear that for real values of t these equations can give only that part of 
the curve which lies within a square whose sides are parallel to the axes and at 
unit distance from the origin. Braun shows that the general or " closed " curve 
has no real branch outside of this square while the " open " curve has one real 
branch possessing a multiple point at infinity. We shall in all cases consider 
only the part of the curve within the above mentioned square. 

In the work which follows we shall use t to denote the value of t at any 
special point we are investigating and t to denote the general value of the 
parameter. 

2. Construction. A convenient method for the approximate con- 
struction of these curves (when t x and ( 2 are rational numbers) is the follow- 
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ing : — Suppose e is the least common denominator of the fractions t v and t. 2 so 
that t x = t{/e, t % = ttjje. Introducing the new variable V = et we have 

x = cos — (V + ti) , 
ea 

y = cos JfC + 4)- 

Now, with the base of our square as a diameter, draw a semicircle and divide 
it into ea equal arcs. From each point of division construct perpendiculars 
to the J5Taxis, thus dividing the square into ea rectangles. Similarly, draw a 
semicircle with one of the sides of the square as diameter and after dividing 
this into e/3 equal arcs draw perpendiculars from these points of division to 
the Y"axis. We have thus divided the square into e 2 a/3 rectangles, the dis- 



/! j ' i i i i , i J i 
|i I ! i i i i i i ! i 




Csi i _ L i J*>~-L-^sf* , |X I 




!\ ! V ! y \ \ J \ J 
r irX"r"/ t t i \ i 

!\ /\!/| ! \l 
i i \ / \ i / i i \ 
i i \/ v/ i i i i 

I l/V /i\ ! ! ! !/ 

I / \ l / \ ! 1 ] i / 1 
1 / I \/ i \ j ' / • 




;/! '/ 1\ i !\ ! i l/i ' 
; l/i ! i X| !\i/i i/i 





Fig. 1. 



tances ot whose sides from the origin are cosines of integral values of t' + t[ 
and V + 4- When t' = the point (x, y) is a vertex of one of the rectan- 
gles. If V be increased to unity the point becomes the opposite vertex of this 
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rectangle ; when t' = 2 it becomes the opposite vertex of the first rectangle 
into which the tangent at the point for which t' = 1 extends; and so on. 
When V has such a value that the vertex to which it corresponds lies on a side 
of the square, the curve, as we see by finding its slope, is tangent to the side 
of the square at this point. Further, it is convex toward the outside of the 
square. The expression for the slope, namely 

dy _ a eft v 

sin — (t' + t[) 
ea 

shows that the tangent can be parallel to a side of the square only when either 
V + t[ = (mod ea) or t' + 4 = (mod e/3) and such values always make 
the cosine numerically unity, i. e. give us a point on the side of the square. 
Hence the method of procedure we have described will enable us to make an 
approximate construction for the whole curve by connecting the points so 
found by a continuous curve. Figure 1 shows the curve 

x = cos g«, y = cos ^ {t + i) 



constructed in this way ; here a = 3, /3 = 2, e = 4. 

The problem of finding the number of multiple points might, as was 
suggested to the writer by Professor H. S. White, be reduced to the following 
one, namely : Given a billiard table whose sides bear the ratio a : /3. A ball 
is placed at any point on the table and is shot in such a way that it strikes the 
side of the table at an angle of forty-five degrees ; find the number of times it 
will cross its path before returning to its original position. The path will, of 
course, consist of straight lines each of which meets its successor at a right 
angle. The equations of this path are obtained from those of the curve by a 
transformation 

ct 
u = — cos - 1 x, (a S u S 0) 

7T 



£ -1 

V = — COS A II, 



(/3s»g0) 
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u and v being the new coordinates. The broken-line path corresponding to 
the curve in Fig. 1 is shown in Fig 2. 




3. Periodicity. The necessary and sufficient condition that when 
6 is increased by the increment Ad the function cos# shall be unchanged is 
that one of the two congruences 



or 



A0 = (mod 2tt) 
6 + A0 = - 6 (mod 2tt) 



be satisfied. Hence, if the abscissa x is to be unchanged when t is increased 
from t to t + At, we must have either 



-M=0 
a 

IT 



(mod 2-rr), 



or 



At = - 2 - (^ + <i) (mod 2?r). 



Dividing through by -rr/a and also dividing the modulus by this we get 

At = (mod 2a) , 

or At = —2(t + tj) (mod 2a). 

Similarly, the conditions that will cause y to be repeated are :— 



or 



At = (mod 2^) , 

At = — 2(t + t 2 ) (mod 2/3). 



Hence, when t is increased from t to t + At there are just four conditions 
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under which the corresponding point on the curve will be brought back to its 
first position ; these are : 

(1) At = (mod 2a), At = (mod 2/3) 

(2) At = -2(t + t{) (mod 2a), A* = (mod 2/3) 

(3) A< = (mod 2a), At = - 2(< + t 2 ) (mod 2/3) 

(4) A< = - 2(< + tx) (mod 2a), A< = - 2(< + < 2 ) (mod 2/3). 

We see at once that it is always possible to satisfy (1) and that the 
smallest value of At which will do this is At = 2 a/3. Now the direction 
cosines of the tangent at the point t are proportional to 

dx 



dl 



- svn-(* + tx) and -^ 
a a K ' dt 



= -J "in =(« + *). 



and these are unchanged in value when we change t to t + 2a/8. We 
should find the same to be true of all of the higher derivatives of x and y with 
respect to t. Therefore, since the curve with which we are dealing is alge- 
braic, we see that we are on the same branch of the curve on which we started 
and that if At = 2 a/3 we have traced the whole curve at least once. We note 
also that we have proved that the curve cannot be tangent to itself at any 
point. 

If (2) is to be satisfied we must have 

At = - 2(t a + ti) + 2ha = 2k/3, 

that is, t + ^ = ha — k@, 

where h and A; are integers. Since a and /3 are also integers the expression 
ha — kfi will always be an integer. Hence, to satisfy (2) we must give t 
certain special values. 

The same is true of (3) , as we learn by a similar process. 

To satisfy (4) we must have 

- 2(t + ^) +2ha = - 2(t 6 + t 2 ) + 2A;/3, 

that is, tx — t 2 = ha — &/S, 

or, t r = tv (mod 1), 

a condition that is not in general satisfied. From what we now know of (1), 
(2), and (3) we know that if (4) is not satisfied, the whole length of the 
curve is traversed just once when t receives the increment 2 a/3 and the curve 
is a closed curve. For 2 a/3 is the least value of At that leaves both point and 
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slope unchanged. If (4) can be satisfied this is not the case. Unlike (2) 
and (3), if (4) can be satisfied at all it can be satisfied for every point of the 
curve. The smallest value of At that will do this is in general less than 2 aft. 
When t is given such an increment the direction cosines are unchanged 
in absolute value but both are changed in sign. This leads to the conclu- 
sion that we are simply retracing the curve in the opposite direction. 
Since now t x = t % (mod 1 ) , it is possible to find two values of t Q such that 
t + l x = (mod a ) and t + t 2 = (mod 8) simultaneously. But such a 
point must lie at a vertex of the square within Avhich the part of the curve we 
are considering is confined. Conversely we may prove that if the curve has a 
point at a vertex of the square, the condition t x = t % (mod 1) is satisfied. Now 
both x and y are numerically unity at such a point. If we give t a small (real) 
increment At, the values of x and y obtained will be the same whether At be 
positive or negative. Hence we begin to retrace the curve at the vertex of the 
square and such a point may be called an "end" of the curve. Such a curve is 
the "open" form of the Lissajous's curve. 

4. Multiple Points. General. If£ is a point which makes (2) 
possible, and the smallest value of At that will satisfy (2) is found, the addi- 
tion of this At to the parameter will not affect the value of dy/dt. But usually 
dxjdt will have been changed in sign though not in numerical value. Hence 
the direction of the tangent will have been changed and since the curve is al- 
gebraic, it must cross itself at this point. Hence values of t which make (2) 
solvable belong in general to multiple points. The same is true of (3). 
Since the absolute values of the direction cosines are always the same at such 
a point there are only two different directions which the tangent at the point 
can assume according as the two direction cosines have like or unlike signs. 
Whence it follows that a midtiple point of order higher than the second is im- 
possible, and that the slope of one branch of the curve at a double point is al- 
ways the negative of the slope of the other branch. 

Closed Curves. We have seen in §3, that if (2) is satisfied we have 

t + < x = ha — k0. 

The second member is always an integer and may be any integer what- 
ever, since a and yS have no common factor. Hence the necessary and suffi- 
cient condition that (2) be satisfied is that t + t Y be an integer. Between 
zero and 2 a/8 there are 2 a/3 values of t which satisfy (2) . But not all of these 
determine double points. If t Q + t x = (mod a), condition (2) becomes iden- 
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tical with (1). The curve then has but one tangent at the point in question 
and since we have shown in §3 that the curve cannot be tangent to itself 
such a point cannot be a double point. This occurs 2/3 times. All of the 
other values must give double points. Now we have counted a value of t for 
each branch of the curve through the double point. Hence (2) determines 
I (2 a/3 -2/3) = /3(a - 1) double points. 

If we seek the number of values of t + t x less than 2 a/3 and such that 
t + tx = n (mod a), where n is any one of the integers 1, 2, 3, . . . 
(a — 1), we find it to be just 2/8, no matter what the value of n. Hence the 
double points determined by (2) lie in groups of /8 on a — 1 lines parallel to 
the y axis and corresponding to integral values of t Q ■+ t^. 

Similarly we find that (3) determines a(/3 — 1) double points lying in 
groups of a on /3 — 1 lines parallel to the x axis and corresponding to integral 
values of t + t % . 

Since t x — t. 2 is not an integer, (2) and (3) cannot be solved simultane- 
ously and hence the double points thus far determined are the only ones the 
curve can possess. If we call lines parallel to either axis and corresponding 
to integral values of t + t ly other than zero or a, and of t + t% other than zero 
or /S, integer lines, we have the following 

Theorem. Closed curves p> ossess £(« — I) + «(/3 — 1) real double 
points which fall into two classes: (1°) /3 (a — 1) lying in groups of /3 on 
the a — 1 integer lines parallel to the y axis, and, (2°), a(/3 — 1) lying in 
groups of a on the /3 — 1 integer lines parallel to the x axis. 

Open Curves. Here t x = t 2 (mod 1). Since now we trace out the whole 
curve twice when Ave let At increase from zero to 2o/3, we must divide the 
number of values of t corresponding to double points by four instead of by 
two. The condition that (2) be solvable is that t + t x be an integer. Like- 
wise the condition that (3) be solvable is that t + t 3 be an integer. But if 
either of these expressions is an integer the other must be also for their differ- 
ence, t Y — t. x , is an integer. Hence (2) and (3) are simultaneously satisfied. 
This occurs 2 a/3 times. But in 2/3 cases (2) reduces to (1) and in 2 a cases 
(3) does so. The two do so together twice. When either of these cases 
occurs one of the direction cosines is zero and hence a change in the sign of 
the other does not affect the direction of the tangent. In such a case, there- 
fore, we fail to get a double point. Hence : 

Theorem. Open curves possess i(a — l)(/9— 1) double points and these 
lie at the alternate intersections of the a — 1 integer lines parallel to the y axis 
with the /3 — I integer lines parallel to the x axis. 
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That the use of the word "alternate" in this theorem is correct will appear 
at once if we construct the open curve by the method of § 2. For suppose at 
a given double point t + t x and t + t 2 are two integers a and b. Then a — b 
= t 1 — < 2 , a constant for every point on the curve. But to make the curve 
pass through an adjacent point of intersection of one of the integer lines 
through the given point with an integer line parallel to the other we must have, 
say, t + t x = a + 1 and t + t., = b. That is, one of these values must be 
changed by unity while the other remains unchanged. But at such a point we 
should have ^ — 4 = a — b + 1 and this cannot occur for any point on the 
given curve. 

5. Number Of Curves. The question as to whether or not the num- 
ber of curves of the two types is finite or infinite presents some points of 
interest. In the case of closed curves the only restriction on the values of 
ti and < 2 is that their difference must not be an integer. We have no right to 
conclude, however, that any two pairs of values of t Y and t 2 whose differences 
are neither integers nor equal will give the equations of different curves. It 
might be that the two pairs of equations would yield the same sets of points 
for different values of the parameter. Suppose two such sets of values are 
-t[, 4» and t'(, 4'* Let us choose two values t' and t'<{ such that t' = — t[ and 
t'a = — t'{. This makes the two points under consideration points on the side 
x = 1 of the square and removes all possibility of complications with double 
points or points of intersection of the two curves. The two values of y are 
y' = cos [7r(^ + ?£)/£] andy" = cos \_ir{t'^ + 4')/#] • ^ tne two points lie on 
the same curve it must be possible to find a value of At that will leave x un- 
changed and change y' into y". For this we must have 

At = (mod 2a), 

At = (# + t'i) - (t' + t' 2 ) (mod 2/3) ; 
that is, At = 2 ha = 2k/3 + (# + t'{) - (t' a + t' % ). 

This can occur only when (t'J + 4') — (*o + 4) i s an even integer. Hence if 
this difference is not an even integer the curves are distinct. Since there are 
an infinite number of sets of values for which this difference is not such an 
integer there are an infinite number of closed curves. 

The number of open curves we determine at once from the fact that each 
open curve passes through two vertices of the square. Since no two curves 
for which a and /S are the same can pass through the same vertex we see that 
there are just two open curves. 
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II. Space Curves 

6. Equations. The general equations of a harmonic curve of unit 
amplitudes generated by three harmonic motions at right angles to each other 
may be written : 



x = cos(-s + OA, 
y = eosf-s + C 2 V 
z = cos (?s + CA , 



where s is the parameter and X, fi, v, C\, C%, C 3 are constants. We exclude 
the cases in which any one of the ratios Xjn, fi/v, v/X is irrational. If X, fi, v 
are not integers, we may make them such by the substitution t = ps. If/j is 
suitably chosen, our new \, /*, v are now integers possessing no common fac- 
tor. Let a be the highest common factor of fi and v, b that of v and X, and c 
that of X and p. Then our equations may be put in the form : 



(X) x=coh^(t+ tl y 



Avhere ^- - = C u — %. = C«, -5— = C\. We note that no two of the quanti- 
bca cap * aby * 

ties a, b, and c have a common factor and that the same is true of a, yS, and 7. 
Moreover a is prime to a, /3 to b, and 7 to c. But t x , L 2 , t s may be integral, 
fractional, or irrational. 

The part of the curve given by real values of t is confined to the interior 
of a cube whose faces lie parallel to the coordinate planes and at unit distance 
from the origin. Our results will apply only to this part of the curve. It 
would not be difficult to show that any singularities which the curve may 
possess outside of this cube must be imaginary if the curve be " closed " and 
must lie at infinity if the curve be " open." 
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We note for future reference that, for a given value of t, each of the 
equations (X), (Y), (Z) represents a plane perpendicular to the X, Y, Z 
axis respectively. 

7. Periodicity. The same reasoning as that used with plane curves 
shows that there are the following eight possible ways in which we may be 
brought back to a given point, t , by increasing t to t + At : 



(1) 


At = 
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At = - 2(t + h) 
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At = -2(t + t 3 ) 
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o 
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We notice first of all that (1) is the only one of these systems of con- 
gruences that is solvable for every curve and every point on the curve. 
It is furthermore the only one that leaves the direction cosines, which are 
proportional to 



dx 

dt ^ 


_ S1I1 — (t+tl), 

oca oca ' 


dy 
dt 




dz 
It = 


-aTy S ' m dTy( t+ ^> 



unchanged. We should find, on investigating, that all higher derivatives of 
x, y, and z with respect to t are likewise unchanged. This proves, first, that 
we have been brought back along the branch of the curve on which we started 
and, second, that the curve cannot be tangent to itself at any point. Now the 
smallest value of At that will satisfy (1) is 2abca/3y. Hence the curve is 
traced completely at least once when t receives an increment 2abcafi<y. 

To satisfy any one of the conditions (2) — (7) we must impose special 
values on t , as we see at once if we write them in equation form. 

To satisfy (8) we must have 



At = - 2(t + t x ) + 2hbca - — 2(t + t t ) + 2kca@ = — 2(t + t 3 ) + 2laby 
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and if this is satisfied we must have 

t x = t 2 (mod c) , h = h (mod a), t = ^ (mod 6) ; 

and, conversely, if these congruences are satisfied, (8) can always be satisfied 
whatever the value of t . If (8) cannot be satisfied, giving t the increment 
2 abcafiy must cause the whole length of the curve to be traced out just once 
since this is the least value that will satisfy (1) and since no other of the con- 
ditions (1)— (7) can be satisfied except for special points. But if (8) can 
be satisfied, then there is, in general, a value of At less than 2 abcafiy which will 
bring us back to our starting point and leave the tangent at the point unchanged, 
and this value is the least value of At that will satisfy (8) . For if At have 
such a value the direction cosines are all changed in sign but are unchanged 
in absolute value. 

We easily find that the condition 

t + i x = (mod bca), t + t 2 = (mod caft), t + t$ = (mod abj), 

can be satisfied when and onty when (8) is solvable, and in this case is satisfied 
for two points on the curve. These points are vertices of the cube. Considera- 
tions entirely similar to those used in the corresponding case in plane curves 
show that we are now dealing with "open curves" in three dimensions. All 
other curves must be "closed" curves. The condition t x = L, (mod c) is easily 
found to be necessary and sufficient to make the projection of the curve on the 
XY plane an open curve. The methods used in investigating plane curves will 
show this. Similarly t 2 = t 3 (mod a) and t 3 = t x (mod b) are the conditions 
that the YZ and ZX projections, respectively, be open curves. 

8. Classification. These facts afford us a convenient means of classi- 
fying our curves. We may distinguish four types, as follows : — 

A. The general curve. Projections all closed curves. 

B. Curves possessing one open-curve projection. 

C. Curves possessing two open-curve projections. 

D. Curves possessing three open-curve projections. 

9. Multiple Points in General. If any one of the sets of congru- 
ences (2) to (7) inclusive can be satisfied, and we give At a value that does 
this, having first found a point t that makes it possible to find such a At, then 
the direction cosines at the point in question are unchanged in absolute value. 
But usually one or two of them will be changed in sign. When this happens 
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the second value of t gives a tangent to the curve different from that given by 
the first. The curve being algebraic, such a point must be a multiple point. 

Conditions (2), (3), (4) turn out to be solvable for points on all four 
types of curves. Hence a consideration of these should give us something of 
general value in determining the number of multiple points. 

From the last two congruences in (2) we get At = 2kabc&y and from 
the first At = — 2(t + t{) + 2hbca. Hence, if (2) is satisfied, we must have 
kabcfiy = — (t + t x ) + hbca ; whence t + t 1 = hbca — kabcfiy. The second mem- 
ber of this equation will always be a multiple of be, and, by a proper choice 
of h and h, may be made to equal any such multiple. Hence, if (2) is satisfied, 
we must have t Q + l x = (mod be) . This is satisfied 2 aafiy times between 
the values t = and t„ = 2abca/3y. But in some of these cases (2) becomes 
identical with (1). This occurs 2afty times, viz. when t + t x = (mod bca). 
These we must subtract. Now in counting these 2 a/3y (a — 1) values of t 
we have counted one for each branch of the curve through a given point. 
Through any such point there ate two and only two brandies defined by con- 
dition (2). For if we give t the increment indicated by (2) twice, we restore 
the original state of affairs exactly, as far as geometric conditions go. Hence 
(2) determines a0y(a — 1) values of t of which we must take account in 
enumerating multiple points. 

Similarly (3) and (4) determine bya (/3 — 1) and cafi(y — 1) such 
points respectively. 

If (5) is to be satisfied, we must have 

2 hbca = — 2(t + t 2 ) + 2kca@ = — 2(t + t 3 ) + 2laby. 

The necessary and sufficient condition for this is that £ 2 = t z (mod a) ; for if this 
be the case we can determine t , k, and I so that the second and third mem- 
bers of the equation shall be equal multiples of 2 bca and thus determine h ; 
and conversely if t 2 — t % is not a multiple of a we can never make the second 
and third members equal and hence (5) cannot be satisfied. Now, as we have 
seen, t % = £ 3 (mod a) is simply the condition that the YZ projection of the 
curve be an open curve. Therefore if (5) is satisfied, the YZ projection will 
be an open curve. Similarly (6) can be satisfied when, and only when, the 
ZX projection is an open curve, i. e. when t 3 = <i(mod o) ; and (7) can be 
satisfied when, and only when, the XY projection is an open curve, i. e. when 
ti = 4 (mod c). 

We shall now take up the four types separately. 
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10. Multiple Points on Curves of Type A. For these curves none 
of the conditions (5), (6), (7), (8) can be satisfied. But it is conceivable 
that two or more of the conditions (2), (3), (4) might be simultaneously 
satisfied, thus indicating the existence of multiple points of an order higher 
than the second. But if (2) and (3) could be satisfied at the same point, we 
should have t x = ^(mod c), which is not the case. Similarly, neither (2) 
and (4) nor (3) and (4) can be simultaneously satisfied. Hence the general 
curve possesses only multiple points of the second order and their number is 
aj3y(a - 1) + bya(& - 1) + 00/8(7 - 1). 

We have seen that if (2) is satisfied we have t + t x = (mod be). But if 
t + ti = (mod bca) we do not get multiple points. The only points corre- 
sponding to the latter values lie on the two faces, x = ± 1, of the cube. If 
<„ + <!= nbc(moA bca), where n is an integer such that < n < a, there are 
just 2 a/87 values of t less than 2 abcafiy that will satisfy this and hence just 
a/87 double points lie in each plane {X) corresponding to integral values of 
(t + t^/bc. Like statements can be proved about the double points deter- 
mined by (3) and (4). Hence: — 

Theorem. The double points on the general curve lie on three sets of 
planes ; namely, a@y(a — 1) of them in groups of afiy on a — 1 planes (X) 
corresponding to integral values of (I + t{)jbc, 607 (/3 —1) in groups of bay on 
/8 — 1 planes ( T) corresponding to integral values of (t + t^/ca, and 00/8(7 — 1) 
in groups of cafi on 7 — 1 planes (Z) corresponding to integral values of 
(t + t s )/ab, and no two of these can coincide. 

11. Multiple Points on Curves of Type B. Suppose ^ = t^ 
(mode). (2) and (3) can now be satisfied simultaneously. We know, (§9), 
that for any point satisfying (2) we have t + t x = (mod be) and for any 
point satisfying (3) we have t + t% = ( mod ca). There are 20/87 values of 
t less than labcafiy which satisfy both of these conditions. A glance at (2) 
and (3) shows that there must in general be four separate sets of direction 
cosines at one of these points. For neither the original nor the final sets can 
be the same and giving t the indicated increment changes both of the original 
sets. Hence, in general, these points are quadruple points. But if it happen 
that either t + t x = (mod bca) or t + t^ = (mod ca/3) , then (2) in the first 
case, and(3)in the second, reduces to(l)and we have merely a double point, for 
then only two directions for the tangent line are possible. If (2) and (3) re- 
duce to (1.) at the same point we have not a multiple point at all. Among our 
20/87 values of t , 2/87 make (2) reduce to (1) and 27a make (3) do so, while 
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27 of these make (2) and (3) do so together. Hence we have a total of 
J (2a0y - 2/37 - 27a + 2y) = i (a — 1) (/3 - 1)7 quadruple points. (We 
divide by 4 because there is a value of t for each branch through a quadruple 
point.) 

Now each value of t yielding a quadruple point has been counted twice 
among our 2 (a + ft + c) afty — 2afiy — 2bya — 2 ca/3 values which (2), (3) , 
(4) together give. It has been counted once under (2) and once under (3). 
Hence (2) , (3) , (4) determine 

(a+b + c- 2) a/97 - (a - 2) £7 — (ft - 2)ya — ca/3 - 27 

double points. 

So far we have left out of account conditions (5)- (8). We have seen, 
(§9), that (7) can be satisfied and that (5), (6), (8) cannot. If (7) is sat- 
isfied we have t + t x = (mod ft) and t + 1 2 = (mod a). This occurs 
2ca/S7times. But if t + t x = (mod 6c), (7) reduces to (2), and if t + / 2 = 
(mod ca), (7) reduces to (3). There are 2 apy cases of either of these. 
However, if t + t x = (mod ftc) when t + t t = (mod a), it follows, since 
<! = <2 (mod c), that t Q + t t = (mod ca). Hence, these exceptional cases 
under (7) having already been taken account of elsewhere, must be subtracted 
from our 2ca0y values, but need only be subtracted once. Consequently, 
(7) determines caffy — afiy additional double points. Curves of this type 
therefore possess (a + ft + 2c — 3) afiy — (a — 2) fiy — (ft— 2) 7a — ca/3 — 27 
double points. 

From the congruence conditions for this type of curves we read off at 
once that all quadruple points must lie on the lines of intersection of two sets 
of planes (X) and (Y) corresponding to integral values of (t + ^) /ftc and 
(£ + t^/ca respectively and that they reduce to double points if the lines in 
question lie on a face of the cube and to simple points if these lines are edges 
of the cube. If we fix a pair of integers, say m, n, and seek the number 
of values of t less than 2abca0y that make t + t x = m (mod bca) and 
t + t 2 = n (mod ca/8) , we get 27 as the result. Since there are just two possi- 
ble open-curve projections on the XY plane and the cylinders whose sections 
these are have double lines in alternate lines of the (a — 1) (y8 — 1) possible 
double lines the quadruple points must all lie on one set of %(a — l)(/3 — 1) 
of these. Hence on each line there lie 7 quadruple points. 

Theorem. The $ y(a — l)(/3— 1) quadruple point* on cun>es whose 
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XY projection is an open curve lie in groups ofy on £ (a — 1) (ft — 1) alternate 
lines of intersection of planes (AT) and (Y) corresponding to integral values 
of(t Q + t^/bc and (t + t 2 )/ca respectively. 

The remaining multiple points determined by (2), (3), (4) are all 
double points and their distribution is similar to that of the double points in 
curves of type A. We have only to remember that the quadruple points now 
take the place of some of the double points in type A. The present type 
differs from A, however, in that some of the points may lie upon faces of the 
cube. The latter are those points not on an edge of the cube which would be 
quadruple points if they lay within the cube. 

In addition we have the new double points determined by (7). Suppose 
m and n are an arbitrary pair of integers. Then, as we have found before, 
there are, if any, 2<y values of t less than 2abcafty that will give £ + t^ = m 
(mod bca) and t + t 2 = n(mod caft), t. e., the curve intersects such a line, if 
at all, 2y times. This is true if the line is one of those which pass through 
points satisfying (7), though now the points fall together in pairs. Hence 
double points determined by (7) lie in groups of 7 on (c — l)ayS lines of 
intersection of planes {X) and (Y) for which (t + t x )/b and (t + t 2 )/a re- 
spectively are integers. But how are these lines distributed? The XY pro- 
jection is divided by the planes for which t + t t = (mod be) and t + t 2 = 
(mod ca) into aft rectangles. Let us seek the number of the above lines 
whose projections lie in one of these rectangles. At such a point we have 
t + £j = r (mod be) and t + t 2 = s(mod ca), r and s being values of t + t : 
and t Q + t 2 which give one of the points in question. Apparently there are c 
values of r, and c values of s that satisfy the conditions. This would make c 2 
pairs of values of r and s. But t x = t 2 (mod c) and hence necessarily 
r = s (mod c) . This reduces the number of pairs to c. One of these pairs 
makes t + t x = (mod be) and t + t 2 = (mod ca) . Hence, within each of 
the aft rectangles there are c — 1 points which are projections of the lines in 
question. 

Theorem. The (c — 1) afty additional double points indicated by (l)lie 
in groups of 7 on (c — \)aft lines of intersection of planes (X) and ( Y) for 
which (t + t x )/b and (t + t. 2 )/a respectively are integers and these lines lie in 
groups of c — 1 within and parallel to the sides of the parallelopipeds whose 
ends lie in the planes z = ± 1 and whose sides are the planes (X) and ( Y) 
for which (t + t^jbeand (t + t^/ca, respectively, are integers. 
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A similar set of theorems will of course hold for curves of type B in case 
we have in place of t x = L z (mod c), either t 3 = t x (mod b) or t 2 = t 3 (mod a). 

12. Multiple Points on Curves of Type C. Suppose t t = t., 
(mod c) and t s = t x (mod b). We can now satisfy simultaneously (2) and 
(3) and also (2) and (4), but not (3) and (4). By reasoning similar to that 
used in the consideration of curves of type B, we learn that there are 
i(a — 1) (8— 1)7 quadruple points at which (2) and (3) arc identical and 
£(7 — \(a — l)fi at which (2) and (4) are identical. 

This leaves 

(a + b + c- 4)afiy - (a - 4)07 - (b - 2)ya - (c - 2)afi - 2/3 - 2y 
double points determined by (2) (3), and (4). 

We can now satisfy both (6) and (7) but never simultaneously, for 
t 2 = t 3 (mod a) is the condition for this and this congruence does not hold. 
By reasoning like that used for type B, we find that (6) and (7) determine 
(b + c — 2) a/87 additional double points. Hence curves of this type possess 
J[(a — 1) (fi — 1)7 + (7 — 1) (a — l)/3] quadruple points and 

(a+ 2b + 2c - 6)aBy - (a - 4)/3 7 - (b - 2)ya - (c - 2)a/3 - 2/9 - 2 7 

double points. 

The theorems regarding the position and distribution for this type of 
curve are seen at once to be very similar to those for type B. We have only 
to consider two sets of points in each case instead of one and to make the 
proper changes in the letters of our formulae. 

If instead of the conditions t { = t 2 (mod c) and t s = t x (mod b) we have 
ti = t 2 (mod c) and t 2 = t s (mod a) or t 3 = t x (mod b) and < 3 = t s (mod a), the 
corresponding results are obtained by simply advancing the letters in cyclie 
rotation. 

13. Multiple Points on Curves of Type D. Here h = h ( in <>d c), 
t 2 = t 3 (mod a), t 3 = t v (mod b) . We have seen that (8) is now satisfied by a 
value of At less than 2abca0y. Hence when At = 2abca/3y we have traversed 
the whole length of the curve twice. Hence, in counting multiple points, we 
must divide the number of values of to less than 2abca/3y which give quadruple 
points by eight, and the number which give double points by four. 

As before there are 2 (a + b + c)aBy — 2aBy — 2bya — 2ca.fi values of t 
satisfying (2), (3), (4). But we must be cautious how we treat these until 
we find whether or not the same values are given again in some other way. 
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However, by a comparison of (2) and (5) we find that the conditions that 
these be satisfied simultaneously are fulfilled and that this is true for every point 
which satisfies either of them. The same is true of (3) and (6) and of (4) 
and (7). Hence to find the number of quadruple points on the curve we have 
only to find the number of values of t which make two of the conditions (2), 
(3), and (4) identical, and then divide by eight. If (2) and (3) are both 
satisfied at once we have t a + t Y = (mod be) and t + t^ = (mod ca) . But 
since t { = t z (mod b) and < 2 = h (mod a) we have also t + t z = (mod ab), 
the condition that (4) be satisfied. Hence if any two of (2), (3), (4) are 
satisfied the third is also. Now (2), (3), (4) are satisfied together 2 afty 
times. But what if (2), say, reduces to (1) ? This means that t — t Y = 
(mod 2bca) and hence the x direction cosine in (2) is zero and is unchanged 
when At increases so as to bring us back to the starting point. Since (3) 
and (4) hold simultaneously with (2), the same is true of them. But this 
makes possible only two distinct sets of direction cosines at the point in ques- 
tion and hence this is not a quadruple point but merely a double point. Simi- 
larly we may show that if two of (2), (3), (4) reduce to (1) at the same time 
we have merely an ordinary point of the curve. Now (2) reduces to (1), 
2/87 times, (3) does so 27a times and (4) 2a/3 times among our 2 afly values 
of t ; (2) and (3) do so together 27 times, (2) and (4), 2y3 times, and (3) 
and (4), 2a times; (2), (3), and (4) together reduce to (1) twice among 
these. Hence the number of values of <<, which really indicate quadruple 
points is 2a@y — 2fiy — 2ya — 2a/9 + 2a + 2£ + 27 — 2. Dividing by eight 
and factoring Ave have 

i(a — l)(y3 — 1)(7 — 1) quadruple points. 

Now in general we have 2 (a '■ + b + c)afiy — 2a/3y — 267a — 2cay3 values 
of < which satisfy (2), (3), or (4), when these do not reduce to (1). From 
these we must subtract three times the number which go to determine quad- 
ruple points. For we have counted each such value as if it belonged separately 
to (2), (3), and (4). But in our general number of values of ^ we have also 
counted twice those values which make either (2), (3), or (4) separately be- 
come (1). These should be counted only once. Bearing this in mind we can 
now write down the number of double points on the curve. It is : — 

j[( a + 6 + c-3)a/37-(c- 2)ay3 - {b- 2)ya-(a- 2)/3 7 -2a- 20-2y + 3]. 

The conditions for a quadruple point on the open curve show at once 



1903] MULTIPLE POINTS ON LISSAJOUS'S CURVES 85 

that every quadruple point lies at the intersection of three planes (X) , ( Y) , and 
(Z) such that (t + ti)/bc, (t + t^)/ca, and (t + t 3 )/ab are all integers. But 
no quadruple point can lie on a face of the cube. By a method entirely similar 
to that used in showing that the double points on the open plane curve must lie 
at alternate intersections of pairs of integer lines we can show here that no two 
such points that are adjacent, — i. e. lie on the same edge of one of the paral- 
lelopipeds into which the planes of the above three kinds divide the cube, — 
can lie on the same curve. There are just (a — 1)(/S — 1)(y— 1) vertices of 
such parallelopipeds within the cube. The theorem just stated shows that no 
one curve can have quadruple points at more than two vertices of one of these 
parallelopipeds and that these two vertices must be opposite, — i. e. not on the 
same edge. But there are four such pairs of vertices for each parallelopiped. 
Hence we might expect four open curves and we shall see later that this is the 
case. If we use the word "alternate" in a somewhat loose sense to describe 
such a distribution of points we have the 

Theorem. The | (a — l)(/3— 1)(7 — 1) quadruple points lie at al- 
ternate points of intersection of three sets of planes (X) , ( Y) , and ( Z) such 
that (t + ti)/bc, (t + t 2 )/ca, and (t + t 3 )/ab are all integers. 

The double points on this type of curve fall into two classes. The first 
class includes those points on faces of the cube, but not on edges, which would 
be quadruple points if they lay within the cube. There is no difficulty in 
proving the 

Theorem. J(o — 1) (/3 — 1) double points lie at intersections of each of the 
planes z — ± 1 with the set of interior planes (X) and ( Y)forwhich(t + t^/bv, 
(t + t t )/ca are integers ; J (7 — 1) (a — 1) lie at intersections of each of the 
planes y = ± 1 with the set of interior planes (-ST) and (Z) for which 
(t + ty)/bc, (t + t 3 )/ab are integers ; and £(|3 — 1) (7 — 1) lie at intersections 
of each of the planes x = ± 1 with the set of interior planes (Y) and (Z) for 
which (I + t 2 )/ca, (t + t 3 )/ab are integers. 

The second class of double points includes those which lie within the cube. 
If we remember that they occur when either (2) and (5), (3) and (6), or (4) 
and (7), are satisfied together we are able to prove by familiar methods the 
following 

Theorem: The double points lying within the cube consist of (1°) 
i (c — 1) ay8(7 — 1) points which are one half of the (c — 1) afi (7 — 1) points 
that lie in groups of 7 — 1 on (c — l)a/3 lines of intersection of planes (X) 
and ( Y) for which (i + t^/b and (t + t 2 )/a are integers, these lines lying in 
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groups of c — 1 toithin the parallelopipeds whose ends lie in the planes z = ± 1 
and whose sides are planes (-3T) and ( 1^) for which (t + t^/bc and (t + t^/ca 
are integers, these double points also lying in planes (Z) for which (t + t 3 )/ab 
it an integer; (2°) J(6 — 1) ya(/3 — 1) points and (3°) $ (a — l)fty(a — 1) 
points for which similar statements may be written down by mere rotation of 
letters. 

14. Number of Curves. The question of the number of distinct 
curves we obtain by letting 4» t 2 , t 3 vary, presents some points of interest. 
Let us first find the i-elations that must hold between different sets of values 
of these in order that the geometrical loci determined may be the same. Sup- 
pose we have given a set of values of t u t%, 4- This determines a curve, 
Select arbitrarily some point t on this curve. Let t[, 4> t 3 be a second set of 
constants and 4 an arbitrary point on the curve determined by these. Then 
in order that the two curves may be geometrically the same it is necessary and 
sufficient that we be able to find At for the second equation such that 

At = [(4 + t[) - (t + <j)] (mod 2bca), 
At = [(4 + 4) - (t Q + < 2 )] (mod 2ca/9), 
At = [(4 + 4) - (4 + 4)] (mod 2aby), 

no matter what the original values of t and 4- To do this it is necessary and 
sufficient that we be able to determine h, h, I so that 

At = (4 + t'-,) - (t + <j)+ 2hbca = (4 + 4) - (t + t 2 ) + 2kca/3 

= (4 + 4). - (4 + 4) + 2laby, 
that is, 

4 — h + 2hbca = tl — t 2 + 2&ca/9 = 4 — 4 + 2laby. 

The necessary and sufficient conditions that these last equations can be 
satisfied are that 

(a) («, - 4) = (4 - 4) (mod 2c), 

(b) (4 - 4) = (4 - 4) (mod 2a), 

(c) (4-4) = (4-4) (mod 26). 

It is worth noticing that these are not entirely independent. If any two, 
say (a) and (b), are satisfied by t lf t 2 , t 3 then it follows that, 4» 4> 4 being 
fixed, t 3 - t x = t' 3 - 4 (mod 2). 

Suppose now we wish to learn how many curves of type A are possible. 
The above conditions that two points lie on the same curve show that it is only 
the relations between <j, t 2 , t 3 that count and that we may fix any one of 
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t t , t 2 , t-i at pleasure. Suppose we fix t 3 . For this type of curve none of the 
congruences t x = t 2 (mod c), t. 2 = t 3 (mod a), t$ = t x (mod b) can be satisfied. 
We can select an infinite number of values of t x and t 2 such that (t 3 — t^) < 2b 
and (t % — t 3 ) < 2a and such that (&) and (c) are not satisfied. Only a finite 
number of pairs of such values of t x and t 2 can satisfj r (a) . Hence there must 
be an infinite number of curves of type A. 

Next consider type B. Suppose t 3 = t x (mod b) . We will again suppose 
t 3 fixed. Then there are only two possible values of t y less than 2b and not 
satisfying (c) (if the curve determined by t[, t 2 , t 3 , be of type A and if the dif- 
ference of no two of these be an integer, as we shall suppose from now on) . 
But there are still an infinite number of values of t 2 not satisfying (b) nor the 
congruence t 2 = t 3 (mod a) and furthermore an infinite number of pairs of 
such values of t y and £„ not satisfying (a) nor the congruence t t = t 2 (mod c). 
Hence there are an infinite number of curves of type B %vhose ZX projections 
are open curves. The same is true of curves whose XY ov YZ projections 
are open curves. 

But when we come to type G we find that the number of curves is finite. 
Suppose t 3 = t 3 (mod a), t 3 = ^ (mod b) . It follows from these that t l = t 2 
(mod 1). Suppose again we fix t 3 . Then we have a series of values for 
t x that satisfy t 3 = t\ (mod b) and do not satisfy (c). Similarly we have 
a series of values for t % that satisfy t 2 = t 3 (mod a) and do not satisfy (5) . 
But among these values there are only 2(c — 1) pairs not satisfying < x = t 2 
(mod c) that make <j — t t less in absolute value than 2c and hence the 
number of curves whose YZ and ZX projections are open curves is 2(c — 1) . 
Similarly there are 2 (a — 1) curves whose ZJTand XY projections are open 
curves, and 2(6 — 1) curves whose .STiFand YZ projections are open curves. 

In case D we can get at the number of curves by a much simpler method. 
Each open curve, as we have seen, passes through two vertices of the cube 
and no two open curves can pass through the same vertex for if they did they 
would necessarily be tangent to one another at the vertex, a condition we can 
prove impossible by evaluating the indeterminate forms which the expressions 
for the slopes and their derivatives take on at a vertex. Furthermore we can 
determine an open curve such that it will pass through any required vertex. 
Since the cube has eight vertices there must be just four open curves. 
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